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The behavior of a polyelectrolyte adsorbed on a charged surface of high-dielectric constant is studied by
both Monte Carlo simulation and analytical methods. It is found that in a low ionic strength medium, the
transition is first-order with the repulsive charged surface. The surface monomer density, which is the order
parameter of the adsorption transition, follows a linear relation with surface charge density. It indicates that the
polyelectrolyte is compressed on the substrate without any conformational change before the desorption.
Finally, a different scaling law for the layer thickness is derived and verified by simulation.
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Polymer adsorption on an attractive surface has drawn
considerable interest due to its relation to surface effects in
critical phenomena and practical importance in material sci-
ence and biophysics. It is well established that the adsorption
transition is continuous if its attraction on the surface is short
ranged[1–4]. On the other hand, long-ranged electrostatic
interactions in polyelectrolyte systems pose many challeng-
ing theoretical problems. Recently the macroion adsorption
on an electrostatically attractive interface and the associated
charge inversion phenomena of adsorbed polyelectrolytes ac-
quire lots of attention[5–7].

Previous analytical approaches using the Edwards equa-
tion imposed the continuity of the monomer density across
the surface and setting the monomer density to zero at the
surface[8,9]. Within the framework of the self-consistent
field method, both the Poisson-Boltzmann equation and the
Edwards equation were solved simultaneously[10–12] with
zero monomer density at the surface. These treatments, how-
ever, cannot faithfully respect the electrostatic boundary con-
dition. As a result, the adsorption transition would still be
continuous whatever the surface potential looks like.

Recently, the theoretical interest to the problem is due to
its importance for multilayer polyelectrolyte adsorption
[13–16]. It also raises the question of applying Poisson-
Boltzmann theory to polyelectrolyte adsorption because the
theory fails to capture the correlation effects.

In this paper, we study the adsorption of a single polyelec-
trolyte on a high-dielectric substrate in which the image
charge attraction is strong. At low ionic strength, the adsorp-
tion transition occurs when the surface charges are repulsive
instead of the attractive cases that were usually studied. The
problem is tackled by performing Monte Carlo(MC) simu-
lations and also by analytical methods in polymer physics
taking full account of the appropriate boundary conditions. It
is found that the order of the adsorption transition, the physi-
cal mechanism, and the scaling behavior are all different
from those of the attractive surfaces.

A polyelectrolyte carrying positive charges is immersed in
a mediumsz.0d of dielectric constante. At z=0 there is an
impenetrable surface. Below the surfacesz,0d, it is a sub-

strate of dielectric constante8. Just above the substrate, there
is a uniform surface charge densitys. The adsorbed poly-
electrolyte always stays above the surface charge layer. De-
noting the charge on a polymer segmentds by q0ds, the
Hamiltonian is
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0

N

dsE
0

N

ds8d„rWssd − rWss8d…,

s1d

where s is the variable to parametrize the chain,l0 the
bare persistence length, andk−1 the Debye screening
length. rWssd=(xssd ,yssd ,zssd), rW8ss8d=(xss8d ,yss8d ,−zss8d)
are the positions of the monomers and their electrostatic
images, respectively.G=q0

2/e, G8=Gse8−ed / se8+ed, and h
=4pq0s / se8+ed are the coupling parameters governing the
strength of Coulomb interactions among the monomers
themselves, between the polymer and its image, and between
the polymer and the charged surface, respectively. The last
term in Eq.(1) represents the excluded volume interactions
with v.0 (good solvent regime) in this study. We shall fo-
cus on the case of a charge polymer in a low ionic strength
medium.

The above continuum model is discretized to perform
Monte Carlo simulation. The continuous curverWssd is re-
placed by a chain of beadsrWi si =1, . . . ,Nd with hard-core
excluded volume of finite radiusa. Total lengths up toN
=120 are employed. Units of length and energy are set to be
2a andq0

2/2ea, respectively. Dielectric ratiose8 /e are chosen
from 2 to 12.5(aqueous solution with a metallic substrate).
Runs up to 109 MC steps are performed to achieve good
statistics.

The adsorption layer can be characterized by the normal-
ized monomer densityrszd. ra;rsad representing the frac-
tion of monomers being adsorbed on the substrate is chosen
as an order parameter to describe the adsorption transition.*Electronic address: phcch@phy.ncu.edu.tw
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ra.0 and ra=0 characterize the adsorbed and desorbed
states, respectively. In Fig. 1,ra as a function of the surface
charge densitys for variouse8 /e.1 is shown. The discon-
tinuous jump ofra across the threshold indicates the transi-
tion is first order. We also verified that the energy jump(la-
tent heat) across the transition is proportional toN. Similar
results were obtained for largerk−1.

Furthermore, the data in Fig. 1 also indicate thatra is
linear in s with the slope depending on the ratio ofe8 /e.
Such a linear relation betweenra and s can be understood
from the electrostatic boundary conditions that the system
has to satisfy. The electric potentialfszd in the neighborhood
of the z=0 boundary obeys

−U ]f
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U

z=0+
+U ]f

]z
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e
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wheresp is the polarization surface charge density induced
by the polymer only, which depends one8 /e but is indepen-
dent ofs in the adsorbed regime near the transition. Notice
thatsp in general is a complicated function since it relies on
the polymer conformation. Also, if one treats the polymer as
a macromolecule with a well-defined surface, its surface
charge density atz=a should be proportional to the monomer
densityra, this also applies to the electric field in thez,0
region,
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whereK.0 is the corresponding proportional constant. Ap-
plying the continuity condition for the electric field fromz

=0+ to z=a−, and using Eqs.(2)–(4), one gets the linear
behavior

ra = −
2K

e8/e − 1
Ss +

e8/e + 1

2
spD . s5d

Notice thatK andsp are functions ofe8 /e. The linear behav-
ior in Eq. (5) is confirmed by the simulation data as shown in
Fig. 1, the slope decreases monotonically withe8 /e. Substi-
tuting s=0 into Eq. (5), we get the polarization surface
charge density as a function of dielectric constant ratio,

sp = −
uraus=0

K

e8 − e

e8 + e
. s6d

K for different dielectric ratios is obtained from the slopes of
different straight lines presented in Fig. 1.sp as a function of
e8 /e is then fully determined from simulation data as shown
in the inset of Fig. 1. It fits very well to Eq.(6) with spoly
;uraus=0/K=0.118. It suggests the conformation of the ad-
sorbed polymer is compressed on the high-dielectric sub-
strate. We have also checked the adsorption layer thickness is
independent of the number of monomerN, which is consis-
tent with the picture of a compressed state. There is no con-
formational change during the desorption contrary to the
scaling results as predicted by Borisovet al. [19] for the
attractive surface.

The polyelectrolyte behaves as electric blobs arranged
longitudinally and lie down parallel to the surface. Increasing
the attraction from the charged surface reduces the
z-fluctuation amplitude of the chain, but the effective in-
plane surface charge distribution of the polyelectrolyte does
not change. Hence the polarizationsp is independent ofs.
The excluded volume effect is safely ignored because it takes
almost no effect in thez direction. The effect from self-
electrostatic interaction of the polyelectrolyte can be ab-
sorbed into the bare persistence length froml0 to l.

Because the monomer would feel the strongest attraction
from its direct image around the adsorption regime, theG8
term in Eq. (1) is approximated by the interaction of each
monomer and its corresponding image only. The residual at-
traction from the images of other monomers is then adsorbed
into the coupling parameterG8 from q0 to q. The partition
function is reduced to

Z =E DfrWssdg expHE
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Transforming the variable fromrWssd to the normalized mono-
mer densityrsrWd=s1/Nde0

N dsd(rW−rWssd) by introducing an
auxiliary field, then applying the ground state dominance ap-
proximation in large-N limit and by variational principle
[17,18], one obtains the Edwards-Schrödinger equation,

FIG. 1. Monte Carlo results for the normalized monomer den-
sity at the surfacera as a function of surface charge densitys (in
units of q0/4a2) for different e8 /e at k−1=25. The fitted straight
lines are terminated at their adsorption transition points. The verti-
cal dashed lines are drawn as guides to the eyes. Inset: The polar-
ization surface charge density induced by the polyelectrolyte,uspu,
as a function of dielectric ratioe8 /e. The sign ofsp is opposite toq0

and is negative. The solid curve is fitted from Eq.(6) with spoly

=0.118.
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where«0 acts as a Lagrange multiplier to enforce the con-
straint of the ground state wave-function normalization. The
monomer density is given byrszd= ucszdu2. Equation(8) also
describes a quantum particle at its ground state moving under
a combined potential of a one-dimensional(1D) screened
Coulomb attraction and an almost linear potential. However,
the boundary condition expressed by Eq.(5) is different from
the hard-wall boundary conditionucus=0 usually employed
for a quantum particle. Insteaducus=ÎraÞ0 for the present
problem implies that the steric force felt by the polyelectro-
lyte from the charged surface should be modified[20]. Set-
ting ucus=0 [8,9,21] in the polyelectrolyte adsorption prob-
lems in previous studies is not completely correct.

During the adsorption, the rodlike polyelectrolyte tends to
lie down on the charged surface. The thickness of the adsorp-
tion layer is of the same order of the gyration radius in thez
direction. At low ionic strength in which the Debye length is
much greater than the layer thickness, the polyelectrolyte
cannot feel the potential of length scale much larger thank−1,
but only the potential barrier height is important. The origi-
nal potentialVszd in Eq. (8) can thus be replaced by

Vmodszd = 5+ `, z, a

Vszd, a ø z, zbr

Vszbrd, zù zbr,
6 s9d

where zbr is chosen such thatV8szbrd=0 and Vszbrd is the
barrier height. In the limit ofs=k=0, analytic solution gives

cszd = Wl,1/2S3bG8
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32l2
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whereWl,1/2 is the Whittaker’s notation of the confluent hy-
pergeometric function[22], andl is the least value satisfying
the boundary condition. The bound state exists for arbitrary
e8 /e.1. It implies the threshold surface charge density,st
.0 at low ionic strength.

For both s ,k.0, no exact solution exists in general

but one can analyze it around the transition. Near the surface,
the image charge attraction dominates over the surface
charge repulsion and hence the binding energy is approxi-
mated by thes=0 case in Eq.(10). The polyelectrolyte un-
dergoes a desorption transition when the binding energy
meets the barrier heightVszbrd. After some algebra, we have
st,se8 /e−1d for e8 /e@1 andst,se8 /e−1d3 for e8 /e*1.
This analytic result is consistent with our simulation data as
shown in Fig. 2(a).

An approximate solution for the density profilerszd for
the s.0 case can be obtained by variational method with
trial wave function,

cszd = Îraf1 + masz− adge−s1/2dasz−ad, s11d

wherea−1 is the decay length.m is positive because the trial
wave function is restricted to be nodeless.a and m are not
independent but related via the wave-function normalization
condition. The inverse decay length is calculated to be

a = 3bG8/2l2 + ra, s12d

where the leading term is independent ofs. Near the transi-
tion, the decay length and hence the thickness of the adsorp-
tion layer increase and remain finite. From Eqs.(5) and(12),
we get the scaling behavior

a − at , sst − sd for 0 , s , st , s13d

whereat is the threshold inverse layer thickness ats=st
−.

The variation ofa as a function ofs obtained from the
simulations is shown in Fig. 2(b) which can be well fitted to
a linear relation consistent with Eq.(13). On the other hand,
for the case of adsorption onto an attractive charged surface
ss,0d with substrate ofe8 /eø1 (e.g., DNA in aqueous
solution adsorbed onto a charged lipid membrane), the
asymptotic solution to Eq.(8) reproduces the usual scaling
s,usu1/3 and is a continuous adsorption transition[13],
and the thickness swells to infinity as the polyelectrolyte is
desorbed.

A strongly charged polyelectrolyte immersed in a salt so-
lution will attract oppositely charged ions to condense until

FIG. 2. (a) Simulation results for the surface
charge density at the transitionst as a function of
dielectric ratioe8 /e in logarithmic scale atk−1

=25. The straight lines indicate slopes of 1 and 3
as suggested in the text.(b) Simulation results for
the inverse decay lengtha (which is proportional
to the inverse layer thickness) as a function ofs
(in units of q0/4a2) for e8 /e=12.5,k−1=25. The
straight line is a linear fit.st=0.102 in this case.
a is obtained from exponential fitting to the tail
of corresponding density profile.
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its effective charge density reaches the Manning threshold
[23]. This means that one can just renormalizeq0 in our
system to 2ea/ lB if q0 is larger than 2ea/ lB (lB is the Bjerrum
length). Similarly, the strongly charged surface of bare
charge density larger thank / splBd is just renormalized back
to k / splBd [24]. The Gouy-Chapman length, calculated from
the nonlinear Poisson-Boltzmann theory, is of the order
slBsd−1, which is very large around the transition. However,
the nonlinear Poisson-Boltzmann potential[25] near the sub-
strate is given by

fPBszd =
2kBT

e
ln

1 + ge−kz

1 − ge−kz = f0 −
2ez

e0lBlGC
+ Osz2d,

s14d

wherelGC is the Gouy-Chapman length andg=Îk2lGC
2 +1

−klGC. Notice that the linear term inz is proportional to
lGC

−1 ~s and is identical to the linear term as expanded from
the Debye-Hückel potential. It is not surprising since both
Poisson-Boltzmann and Debye-Hückel potentials share the
same boundary condition. When the adsorbed polyelectrolyte
layer thickness is of one to two monomer size[as seen from
a−1,1 in Fig. 2(b)], the surface potential felt by the poly-
electrolyte should be linear. Physically speaking, it does not
matter whether the potential is Poisson-Boltzmann or Debye-
Hückel, or even the linear one if the layer thickness is much
smaller thanlGC and k−1. The potential near the surface is
determined from the boundary condition. Unlike the case of

an attractive surface[26], the effect from large Guoy-
Chapman length near the transition is irrelevant in the high-
dielectric case.

Our results on the single polyelectrolyte adsorption may
provide a starting point to study the charge inversion and
multilayer adsorption[27]. At low ionic strength, polyelec-
trolytes are adsorbed in a multilayer structure because of
strong Coulomb repulsion. Each layer is composed of paral-
lel 1D Wigner crystal [28]. The upper bound of the
multilayer thickness iszbr,s−1/2se8 /e−1d1/2. It suggests we
can easily adjust a single layer adsorbed onto a high-
dielectric substrate by tuning the surface charge density. Rig-
orous treatment based on this physical picture will be elabo-
rated elsewhere[29].

In conclusion, the adsorption transition of a single poly-
electrolyte on a high-dielectric substrate is first order since
the polyelectrolyte needs to overcome a binding energy from
its image charge. Because of the strong Coulomb attraction
as compared to the linear repulsive potential near the surface,
the polyelectrolyte is compressed without any conforma-
tional change before the desorption. A scaling law for the
adsorption layer thickness is also derived and verified by
simulation.
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